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Schrödinger	Eq.	in	1-D	(Free	Electron)	
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Schrödinger	Eq.	in	2-D	(Free	Electron)	

(Schrödinger	EquaGon)	
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 Ψ r,t( ) = Φ r( )e−iEt !
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Time	Independent	Schrödinger	EquaGon	
(Time	Dependent	Schrödinger	EquaGon)	



ParGcle	in	a	Box	
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Ψ = Aeikx + Be− ikx
Ψ x = 0( ) = 0

 
EΨ = − !

2

2m
∂2Ψ
∂2 x

Time	Independent		
Problem	

U = 0

U = ∞U = ∞
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A = −BΨ = Asin kx
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(Discrete	Energy	Levels)	

Ψ x = L( ) = 0
sin kL = 0



Time-Independent	Schrödinger	EquaGon	
(Time	Dependent	Schrödinger	EquaGon)	
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(Amplitude	is	not	constant)	

 Ψ r,t( ) = Φ r( )e−iEt !

(Time	Independent	Schrödinger	EquaGon)	
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Probability	Density:	



Periodic	Boundary	
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Time	Independent		
Problem	

 
i! ∂Ψ

∂t
= − !

2

2m
∇2 +U "r( )⎛

⎝⎜
⎞
⎠⎟
Ψ

 Ψ = Ae−iEt !eikxΨ(0) = Ψ L( )    ⇒   eikx = eik (x+L )

eikL = 1  ⇒  kn =
n2π
L

(Periodic	Boundary	CondiGon)	

 n =…− 2   -1   0   1   2   …



Periodic	Boundary	
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Time	Independent		
Problem	
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eikL = 1  ⇒  kn =
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(Periodic	Boundary	CondiGon)	
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ParGcle	in	a	Box	
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Time	Independent		
Problem	
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How	to	Solve	Schrödinger	EquaGon	
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(Time	Independent	Schrödinger	EquaGon)	
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Schrödinger	EquaGon	
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Howto	solve	this	rela0on?		

1-D	Schrödinger	EquaGon	

Numerical	solu0on		à	algebraic	rela0ons		



Method	of	Finite	Differences	
La[ce	of	discrete	points	 WavefuncGon	as	a	vector	
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N × N

Φn x( )



How	to	Write	Hamiltonian	

Φn x( ) Each	la?ce	point	

EΦn =UnΦn

Schrodinger	Equa0on	
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EΦ x( ) =U x( )Φ x( )   



How	to	Write	Hamiltonian	
Schrodinger	Equa0on	
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U

U x( )  ⇒   U x = xn( )δ n,m    so  Unm =U x = xn( )δ n,m

Kronecker	Delta	Rela0on	



How	to	Write	Hamiltonian	
Φn x( )

First	deriva0ve	
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How	to	Write	Hamiltonian	
Schrodinger	Equa0on	
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How	to	Write	Hamiltonian	
Φn x( )

 
EΦ x( ) = − !

2

2m
d 2

dx2

⎡

⎣
⎢

⎤

⎦
⎥Φ x( )    =  H1Φ x( )

 

d 2Φ
dx2

⎛
⎝⎜

⎞
⎠⎟ n
!
Φn+1 − 2Φn +Φn−1

a2

 

E  

Φ1

Φ2

!
ΦN

⎡

⎣

⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥

 =

2t0 −t0 " " " 0
−t0 2t0 −t0 !

! −t0 # !

! # !
! # −t0
0 " " " −t0 2t0

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

 

Φ1

Φ2

!
ΦN

⎡

⎣

⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥

 

 
EΦn x( ) ! "
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for	n	ε	{1,2,3,..N}	

t0
It	is	not	diagonal	!!	



How	to	Write	Hamiltonian	
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Total	Hamiltonian	
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IncorporaGng	Boundary	CondiGons	



ParGcle	in	a	Box	
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Time	Independent		
Problem	

U = 0

U = ∞U = ∞

U = ∞ U = ∞

A = −BΨ = Asin kx
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(Discrete	Energy	Levels)	

Ψ x = L( ) = 0
sin kL = 0
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Periodic	Boundary	
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Time	Independent		
Problem	
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 Ψ = Ae−iEt !eikxΨ(0) = Ψ L( )    ⇒   eikx = eik (x+L )

eikL = 1  ⇒  kn =
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(Periodic	Boundary	CondiGon)	

 n =…− 2   -1   0   1   2   …
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